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The Ising Spin Glass in dimension four; non-universality
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Extensive simulations are made on Ising Spin Glasses (ISG) with Gaussian, Laplacian and bi-
modal interaction distributions in dimension four. Standard finite size scaling analyses near and at
criticality provide estimates of the critical inverse temperatures βc, critical exponents, and critical
values of a number of dimensionless parameters. Independent estimates are obtained for βc and the
exponent ν from thermodynamic derivative peak data. A detailed explanation is given of scaling in
the thermodynamic limit with the ISG scaling variable τ = 1−β2/β2c and the appropriate scaling ex-
pressions. Data over the entire paramagnetic range of temperatures are analysed in order to obtain
further estimates of the critical exponents together with correction to scaling terms. The Privman-
Fisher ansatz then leads to compact scaling expressions for the whole paramagnetic regime and for
all sample sizes L. Comparisons between the 4d ISG models show that the critical dimensionless
parameters characteristic of a universality class, and the susceptibility and correlation length critical
exponents γ and ν, depend on the form of the interaction distribution. From these observations it
can be deduced that critical exponents are not universal in ISGs, at least in dimension four.
PACS numbers: 75.50.Lk, 05.50.+q, 64.60.Cn, 75.40.Cx
INTRODUCTION
The universality of critical exponents is an important
and remarkably elegant property of standard second or-
der transitions, which has been explored in great detail
through the Renormalization Group Theory (RGT). The
universality hypothesis states that for all systems within
a universality class the critical exponents are rigorously
identical and do not depend on the microscopic param-
eters of the model. However, universality is not strictly
universal; there are known “eccentric”models which are
exceptions and violate the universality rule in the sense
that their critical exponents vary continuously as func-
tions of a control variable. The most famous example is
the eight vertex model solved exactly by Baxter [1]. The
exceptional physical conditions which apply in this case
were discussed in detail in Ref. [2].
For Ising Spin Glasses (ISGs), the form of the interac-
tion distribution is a microscopic control parameter. It
has been assumed tacitly or explicitly that the members
of the ISG family of transitions obey standard universal-
ity rules, following the generally accepted statement that
“Empirically, one finds that all systems in nature belong
to one of a comparatively small number of universality
classes”[3]. One should underline the word “empirically”;
we know of no formal proof that universality must hold in
ISGs. It was found thirty years ago that the ǫ-expansion
for the critical exponents [4] in ISGs is not predictive
since the first few orders have a non-convergent behavior
and higher orders are not known. This can be taken as
an indication that a fundamentally different theoretical
approach is required for RGT at spin glass transitions.
Indeed ”classical tools of RGT analysis are not suitable
for spin glasses” [5–7], although no explicit theoretical
predictions have been made so far concerning universal-
ity.
ISG transition simulations are much more demand-
ing numerically than are those on, say, pure ferromagnet
transitions with no interaction disorder. The traditional
approach in ISGs has been to study the temperature and
size dependence of observables in the near-transition re-
gion and to estimate the critical temperature and ex-
ponents through finite size scaling (FSS) relations after
taking means over large numbers of samples. Finite size
corrections to scaling must be allowed for explicitly which
can be delicate. From numerical data, claims of univer-
sality have been made repeatedly for ISGs [10–12, 14]
even though the estimates of the critical exponents have
varied considerably over the years (see Ref. [11] for a tab-
ulation of historic estimates).
On this FSS approach the critical inverse tempera-
ture βc estimates are very important for deducing reliable
values for the critical exponents [16]. Here we also ob-
tain independent estimates for βc and for the exponent
ν through the thermodynamic derivative peak (pseud-
ocritical temperature) technique. The estimates for βc
and for ν from this analysis can be considered to be in-
dependent of each other and the correction to scaling
only plays a minor role. With the best estimates for βc
in hand the numerical data in the thermodynamic limit
(ThL) regime are then analysed with the scaling variable
τ = (1− β2/β2c ) appropriate to ISGs, together with scal-
ing expressions which cover the entire paramagnetic tem-
perature regime rather than being limited to the narrow
critical region [17]. Once values for all critical parame-
ters have been obtained by combining information from
FSS, pseudocritical temperature, and ThL data, through
the Privman-Fisher ansatz [18] compact scaling expres-
sions can be obtained covering the entire paramagnetic
temperature range and all sizes L.
2From a comparison of the critical values for dimen-
sionless parameters and for the critical exponent values,
each of which is characteristic of a universality class, we
conclude that the Gaussian, Laplacian and bimodal ISGs
in dimension four are not in the same universality class.
This counter example to the general rule implies that
universality does not hold in ISGs. It is relevant that it
has already been shown experimentally that in Heisen-
berg spin glasses the critical exponents depend on the
strength of the Dzyaloshinski-Moriya interaction [19].
ISING SPIN GLASS SIMULATIONS
The Hamiltonian is as usual
H = −
∑
ij
JijSiSj (1)
with the near neighbor symmetric distributions normal-
ized to 〈J2ij〉 = 1. The Ising spins live on simple hyper-
cubic lattices with periodic boundary conditions. We
have studied the bimodal (J4d) model with a ±J interac-
tion distribution, Gaussian (G4d) model with a exp(−J2)
interaction distribution, and Laplacian (L4d) model with
a exp(−|J |) interaction distribution, all in dimension 4.
We will compare with published measurements on 4d
ISGs.
The simulations were carried out using the exchange
Monte-Carlo method for equilibration using so called
multi-spin coding, on 214 (up to L = 7) or 213 for larger
L individual samples at each size. An exchange was at-
tempted after every sweep with a success rate of at least
30%. At least 40 temperatures were used forming a geo-
metric progression reaching down to βmax = 0.55 for J4d,
βmax = 0.58 for G4d and βmax = 0.65 for L4d. This en-
sures that our data span the critical temperature region
which is essential for the FSS fits. Near the critical tem-
perature the β step length was at most 0.004. The various
systems were deemed to have reached equilibrium when
the sample average susceptibility for the lowest temper-
ature showed no trend between runs. For example, for
L = 12 this means about 200000 sweep-exchange steps.
After equilibration, at least 200000 measurements were
made for each sample for all sizes, taking place after ev-
ery sweep-exchange step. Data were registered for the
energy E(β, L), the correlation length ξ(β, L), for the
spin overlap moments 〈|q|〉, 〈q2〉, 〈|q|3〉, 〈q4〉 and the cor-
responding link overlap qℓ moments. In addition the cor-
relations 〈E(β, L), U(β, L)〉 between the energy and ob-
servables U(β, L) were also registered so that thermody-
namic derivatives could be evaluated using the relation
∂U(β, L)/∂β = 〈U(β, L), E(β, L)〉 − 〈U(β, L)〉〈E(β, L)〉
where E(β, L) is the energy [28]. Bootstrap analyses of
the errors in the derivatives as well as in the observables
U(β, L) themselves were carried out.
FINITE SIZE SCALING
For the present analysis we have first observed the FSS
behavior of various dimensionless parameters, not only
the familiar Binder cumulant
g(β, L) =
1
2
(
3− [〈q
4〉]
[〈q2〉])2
)
(2)
and the correlation length ratio ξ(β, L)/L, but also other
observables showing analogous critical behavior. One al-
ternative dimensionless parameter
W =
1
π − 2
(
π
〈|m|〉2
〈m2〉 − 2
)
(3)
was introduced in the Ising ferromagnet context in [33].
In the ISGs m can be replaced by q so
Wq =
1
π − 2
(
π
[〈|q|〉]2
[〈q2〉] − 2
)
(4)
In the same spirit we have also introduced the dimen-
sionless parameter
h(β, L) =
1√
π −√8
(√
π
[〈|q3|〉]
[〈q2〉]3/2 −
√
8
)
(5)
We have also registered the non-self averaging parameter
U22, the kurtosis of the spin overlap distribution, and
the moments of the absolute spin overlap distribution,
together with the variance and kurtosis of the link overlap
distribution [34, 35]. Only a fraction of these data are
reported here.
Analyses with the traditional technique of estimating
crossing point temperatures [βcross, L], defined through
U(βcross, L) = U(βcross, 2L), have disadvantages. The
statistical errors in both sizes L and 2L contribute to the
uncertainty of the crossing temperature; the scaling cor-
rection to the smaller size L dominates and is combined
with the numerical difficulty in equilibrating at the larger
size 2L. Instead we interpolate using the data points for
each U(β, L) so as to obtain sets of data U(βf , L) for a
few fixed βf in the critical region, after making a first
rough estimate of βc. (It is important to span the range
of temperatures on both sides of the true βc). We then
make a global fit with the standard FSS expression, valid
in the critical region if there is a single dominant scaling
correction term :
U(β, L) = U(βc,∞) +AL−ω +B(β − βc)L1/ν (6)
The fit uses all the FSS region data, and gives output
estimates, with error bars, for βc and the critical expo-
nents ν and ω. The parameters of Eq. (6), and their error
bars at the 95% level, were found by using Mathemat-
ica’s built-in routines for nonlinear model fitting. The
data points for each U were obtained at some 20 fixed
3βf near βc (0.98 < βf/βc < 1.02), using cubic spline in-
terpolation. Thus the six parameters are based on some
200-300 data points from different β and L. The qual-
ity of the fit is checked by looking at not only the ad-
justed R-square index, which is always extremely close
to 1 in our fits. A better test is to see whether the dis-
tribution of deviations between data and fitted model,
so called standardized residuals, can be considered zero
by using Mathematica’s built-in zero-location tests, us-
ing the sign-test or T-test. The fitted models reported
here pass these tests at the 5% level.
THERMODYNAMIC DERIVATIVE PEAKS
ANALYSIS
The thermodynamic derivative (pseudocritical temper-
ature) analysis can be an efficient method for analyz-
ing data in a ferromagnet or an ISG. Near criticality
in a ferromagnet for many observables U the heights of
the peaks Dmax(U,L) of the thermodynamic derivatives
D(U,L) = ∂U(β, L)/∂β scale for large L as [28, 29]
max
[
∂U(β, L)
∂β
]
∝ L1/ν
(
1 + aL−ω/ν
)
(7)
A peak height Dmax(U,L) against L log-log plot tends
linearly to 1/ν at large L and so provides an estimate for
ν directly without the need for a value of βc as input.
Corrections to scaling only play a minor role.
The temperature location of the derivative peak
βmax(U,L) also scales as
βc − βmax(L) ∝ L−1/ν(1 + bL−ω/ν) (8)
so as both βc − βmax(L) and max[∂U(β, L)/∂β] vary as
L−1/ν at large L, a plot of the peak locations against the
inverse peak heights tends linearly to βc at large L. This
estimate is independent of the FSS estimate.
The observables used for U(β, L) [28] can be for in-
stance the Binder cumulant g(β, L), the logarithm of the
finite size susceptibility lnχ(β, L), or the logarithm of the
absolute value of the magnetisation ln(|m|(β, L)). Each
of these data sets can give independent estimates of ν
and βc without any initial knowledge of either parame-
ter. For a ferromagnet, Ferrenberg and Landau [28] find
this form of analysis significantly more accurate than the
standard Binder cumulant crossing approach.
All plots of this type with different observables U
should extrapolate consistently to the true βc, with the
confluent correction only appearing as a small L modifi-
cation to the straight line. Provided that the peaks for
the chosen observable fall reasonably close to βc, these
data are in principle much simpler to analyse than those
from the Binder crossing technique where one must esti-
mate simultaneously βc and ν together with the strength
a and the exponent ω of the leading correction term.
For ISGs very much the same thermodynamic differen-
tial peak methodology can be used as in the ferromagnet.
As far as we are aware this analysis has not been used
previously in the ISG context.
THERMODYNAMIC LIMIT SCALING
VARIABLES AND EXPRESSIONS
We will give a detailed discussion of scaling in ferro-
magnets and in ISGs in the thermodynamic limit (ThL)
regime, using the scaling variable τ = 1 − β/βc in ferro-
magnets and τ = 1−β2/β2c in ISGs [17], as this approach
has been widely misunderstood or simply ignored.
The ThL regime concerns all the data for each L which
obey the condition L ≫ ξ(β,∞) where ξ(β,∞) is the
infinite sample size correlation length for inverse temper-
ature β. In this regime all observables are independent
of L and so are equal to their infinite size values as mea-
sured for instance by long series HTSE sums. A rule of
thumb for this regime is L/ξ(β,∞) >∼ 6. In order to es-
timate critical exponents, an extrapolation to criticality
at βc must complete the overall fit to ThL data taken at
finite L.
In the literature, numerical data on critical transition
phenomena are almost always analysed using t = 1−T/Tc
as the scaling variable, following the standard critical
regime prescription of the Renormalization Group The-
ory (RGT). In particular t scaling has been used in recent
ISG studies [12, 13, 20]. However with this variable, ex-
plicit analyses of numerical data are limited to the finite
size scaling L/ξ(β,∞)≪ 1 regime within a narrow crit-
ical region in temperature; t diverges at infinite temper-
ature, so when t is used outside the critical temperature
region, corrections to scaling inevitably proliferate.
In ferromagnets, for well over fifty years the scaling
variable τ = 1 − β/βc has been used for the analysis of
the high temperature scaling expansion (HTSE) for the
susceptibility; in particular the scaling variable τ was
used in the original discussion of confluent corrections to
scaling in ferromagnets by Wegner [21] which led to the
important ThL susceptibility expression
χ(β,∞) = Cχτ−γ
(
1 + aχτ
θ + bχτ + · · ·
)
(9)
The first correction term is the confluent correction and
the second an analytic correction.
In the critical region τ and t become equivalent, but
as τ → 1 at infinite temperature (where χ(β) → 1) in-
stead of diverging, the τ expression is well controlled over
the whole paramagnetic regime. In principle there can
be many correction terms in Eq. (9) but in practice to
high precision a leading term and one single further effec-
tive correction term are generally sufficient for an anal-
ysis at the level of precision of numerical data. This is
because the leading terms in the HTSE provide strict
closure conditions on the Eq. (9) series. Thus for the
4canonical Ising ferromagnet in dimension two, there are
five or more further well identified correction terms [8]
but in practice with one single weak effective correction
term beyond the leading term, the expression Eq. (9)
represents the temperature dependence of the ThL sus-
ceptibility to high precision from criticality to infinite
temperature [22]. The same remark holds for Ising ferro-
magnets in dimension three [23, 24]. In ferromagnets the
use of t as the scaling variable leads to a “crossover”to
a high temperature mean field behavior [25], which is a
pure artefact [24]. Note that for ferromagnets with zero
temperature ordering τ = 1 − tanhβ can be a suitable
variable [9].
Following a protocol well-established in ferromagnets
[26, 27] one can define a temperature dependent effective
exponent for the susceptibility
γ(τ) = −∂ lnχ(τ)
∂ ln τ
(10)
γ(τ) tends to the critical γ as β → βc, and to exactly zβc
as β → 0, where z is the number of nearest neighbors so
2d in simple [hyper]-cubic lattices.
For the ThL regime γ(τ) can be written
γ(τ) = γ − aχθτ
θ + bχyτ
y
1 + aχτθ + bχτy
(11)
including the leading order confluent scaling term and a
further effective higher order correction term. The exact
infinite temperature τ = 1 HTSE condition on the fit
parameters is
γ − aχθ + bχy
1 + aχ + bχ
= 2dβc (12)
The estimates for the critical γ and θ should be consis-
tent with those from FSS and from pseudocritical peak
temperature analyses.
Again in Ising ferromagnets, the analogous ThL ex-
pression for the second moment correlation length ξ(τ)
is [17]
ξ(τ) = Cξβ
1/2τ−ν
(
1 + aξτ
θ + · · · ) (13)
The factor β1/2 arises because the generic infinite temper-
ature limit behavior is ξ(τ)/β1/2 → 1. The temperature
dependent effective exponent is then
ν(τ) = −∂ ln(ξ(τ)/β
1/2)
∂ ln τ
(14)
so with a two correction term relation:
ν(τ) = ν − aξθτ
θ + bξyτ
y
1 + aξτθ + bxiτy
(15)
ν(τ) tends to the critical ν as β → βc, and to dβc as
β → 0 for ferromagnets on simple [hyper]-cubic lattices.
Another effective exponent for ferromagnets is 2 −
η(β) = ∂ ln(χ(β, L))/∂ ln(ξ(β, L)/β1/2) which tends to
the critical 2 − η(βc) at the large L critical temperature
limit. Plotted against β1/2/ξ(β, L) the plot of this ex-
ponent is defined numerically without reference to βc (as
against the plots of γ(τ) and ν(τ)). In the analogous
ISG plots β is replaced by β2 and β1/2 by β, see Figs. 6,
13 and 20. The extrapolation giving the estimate for
2− η(β2c is independent of the estimate for βc.
In ISGs, because the effective interaction energy pa-
rameter is 〈J2〉 and not 〈J〉, the appropriate inverse
“temperature”parameter is β2 not β, so the appropri-
ate scaling variable is τ = 1 − (β/βc)2, (or w = 1 −
(tanh(β)/ tanh(βc))
2 for the bimodal ISG case). This
ISG scaling variable τ (or w) was used for the analysis of
the ThL ISG susceptibility immediately after the intro-
duction of the Edwards-Anderson ISG model [17, 30–32].
With this τ the ThL susceptibility relations Eqs. (9),(10)
and (11) are formally the same as in the ferromagnet.
χ(τ) = Cχτ
−γ
(
1 + aχτ
θ + · · · ) (16)
and γ(τ) tends to the critical γ as β2 → β2c . The exact
high temperature limit from HTSE is γ(τ) → 2dβ2c as
β2 → 0 in simple [hyper]-cubic lattices.
The appropriate ISG correlation length expression is
ξ(τ) = Cξβτ
−ν
(
1 + aξτ
θ + · · · ) (17)
The factor β arises from the generic form of the ISG ξ(β)
high temperature series [17]. The temperature dependent
ISG effective exponent is
ν(τ) = −∂ ln(ξ(β)/β)
∂ ln τ
(18)
We know of no HTSE calculations of the second mo-
ment correlation length in ISGs which would lead to an
exact β → 0 limit for ν(τ) in ISGs. As an empirical
rule deduced from the χ HTSE analysis of Ref. [32], in
simple hyper-cubic lattices of dimension d this limit is
ν(β = 0) = (d −K/3)β2c where K is the kurtosis of the
interaction distribution.
FSS analyses rely mainly on the size dependance of the
critical behavior of observables U(βc, L) and their deriva-
tives [∂U(β, L)/∂β]βc . For the dimensionless parameters
such as the cumulant U4(β, L) = 〈m(β, L)4〉/〈m(β, L)2〉2
or alternatively the Binder parameter g(β, L) = (3 −
U4)/2, and the correlation length ratio ξ(β, L)/L, the
form of the critical size dependence
U(βc, L) = Uβc,∞ +KUL
1/ν
(
1 + aUL
−ω + · · · ) (19)
and the critical derivative expression[
∂U(β, L)
∂β
]
βc
= KU ′L
1/ν
(
1 + aU ′L
−ω + · · · ) (20)
can be retained unaltered with τ scaling for very small
1− β/βc both for ferromagnets and for ISGs.
5It has been pointed out on general grounds [11, 12]
that the logarithmic derivative of the susceptibility has
the form
∂χ(β, L)/∂β
χ(β, L)
= KχL
1/ν
(
1 + aχL
−ω + · · · )+K1 (21)
No evaluation was proposed for the constant term K1
in Ref. [11, 12]. From the leading order τ scaling finite
size expression for χ(β, L) [17] it is easy to show that
K1 = −(2 − η)/2βc in a ferromagnet [23]. In an ISG
the constant term in (∂χ(β2, L)/∂β2)/χ(β2, L) is K1 =
−(2−η)/2β2c . As pointed out in Ref. [11], for many years
the published estimates of the exponent ν in ISGs were
wrong by factors of the order of 2 because a constant K1
term was not included in the FSS susceptibility analyses.
As stated above, the ThL regime is limited for each L
by a condition for which a rule of thumb is L/ξ(β,∞) >∼
6, and an extrapolation to criticality must complete the
overall fit to all the ThL data in order to estimate critical
exponents. The accuracy of this extrapolation depends
on a figure of merit, the minimum value of τ for which
the ThL condition still holds for samples of size L. This
figure of merit in ISGs can be taken to be
τmin ∼ (L/6βc)−1/ν (22)
In dimension 4 with βc ∼ 0.5 and ν ∼ 1 the condition
implies τmin ∼ 0.25 if the largest size used is Lm = 12.
This τmin corresponds to βmin ∼ 0.9βc so to a tempera-
ture within 10% of the critical temperature. It should be
underlined that in dimension 3 with the appropriate pa-
rameters for ISGs, βc ∼ 1, ν ∼ 2.5, to reach τmin ∼ 0.25
would require sample sizes to Lm ∼ 200, well beyond the
maximum sizes which have been studied numerically so
far in 3d ISGs. When fitting to obtain the extrapola-
tion, no a priori assumption is made as to the value of
the dominant scaling correction exponent, which can be
that of the confluent correction (as in the 3d ferromagnet
[23]), of an analytic correction (as in the 2d ferromagnet
[22]), or of a high order effective correction if the prefac-
tors of the low order terms happen to be very weak. The
exponent values and the prefactor aχ for the leading term
are obtained from the fit. It can be noted that an exactly
equivalent procedure is followed in the traditional fits to
FSS data, where extrapolations are made from finite L
to infinite size. The FSS correction exponent ω and the
ThL correction exponent θ are related by ω = θ/ν. This
rule provides an important consistency test for FSS and
ThL analyses on each system. The strength of the lead-
ing correction prefactor a is an important parameter for
both FSS and ThL analyses, which is rarely quoted ex-
plicitly in publications on numerical work on ISGs.
OVERALL SCALING PLOT FOR ISING SPIN
GLASSES
One method of showing ThL and derivative peak
χ(β, L) data together in ISGs (following a suggestion by
K. Hukushima) is to plot y = ∂β2/∂ lnχ(β, L) against
x = β2, see Figs. 1, 8 and 15. (One can also plot
y = ∂β2/∂ ln(ξ(β, L)/β) against x = β2). These plots
are purely displays of raw measured data and do not re-
quire βc or any other parameter as input.
Each individual curve consists of data for a given L.
Following the derivative peak discussion above, on this
plot the set of minima points for large L extrapolate lin-
early to the critical point x = β2c at y = 0.
The envelope curve corresponding to the data which
for each L are in the ThL regime and its extrapolation
to the critical point can be fitted by an expression :
∂β2
∂ lnχ(β)
=
(β2 − β2c )(1 + aχτθ)
γ + (γ − θ)aχτθ (23)
A further correction term can be readily included if
needed. The intercept y = 0 of the fit curve occurs at the
critical point where x = βc and the initial slope starting
at the intercept is ∂y/∂x = −1/γ. The fit parameters
are βc, γ, θ and aχ. The χ(β, L) fit must obey the con-
dition that at x = 0, y ≡ 1/2d, so as βc is known from
the minima point and corrections beyond the leading one
are negligible, there are just two free fit parameters. As
a bonus, all the data used for the estimates come from
temperatures above the critical temperature, where equi-
libration is easier to achieve than at and below criticality.
Thus from an analysis of susceptibility derivative data
alone, it is possible to estimate all the principal critical
parameters (βc, γ, ν, θ) for each model.
ANALYTIC CORRECTIONS TO SCALING IN
ISGS
It will be noted that the ThL data analyses presented
here show no evidence for the presence of an analytic cor-
rection term proportional to τ , which if it exists should
become dominant as criticality is approached when the
confluent θ is greater than 1.
In a ferromagnet the leading analytic term is due to the
field dependence of the analytic part of the free energy.
We know of no a priori estimate of the strength of such
terms in the ISG context, but it is plausible that they
are intrinsically weak because the field is only present at
higher order. HTSE analyses, particularly the M1 and
M2 techniques [32], should be sensitive to the presence
of analytic terms. In the HTSE measurements of Klein
et al. [31] an explicit test was made for an analytic cor-
rection in the 4d bimodal ISG. No evidence was found
for such a term. In all the more extensive HTSE analy-
6ses of Ref. [32] the leading ThL correction term effective
exponent θ was always significantly greater than 1.
It can be noted that for dimensional reasons, FSS cor-
rections L−ωi have exponents related to the equivalent
ThL exponents through ωi = θi/ν. So for ISGs in dimen-
sion 3 with ν ∼ 2.5 [12, 13], the leading analytic correc-
tion term would have an FSS exponent ωa = 1/ν ∼ 0.4.
The leading correction term estimated from extensive 3d
bimodal ISG numerical data analysis [12, 13] has an ex-
ponent, ω ∼ 1.1, implying a dominant confluent ThL
correction with exponent θ ∼ 2.75. There is no mention
in these publications of any analytic FSS term with an
exponent ωa ∼ 0.4. We conclude empirically that quite
generally in ISGs the ThL analytic correction terms pro-
portional to τ are small or negligible, presumably due to
vanishingly weak prefactors.
Working with the t scaling variable for ISGs as in
[12, 20] means that information on critical exponents
coming from data temperatures well above criticality is
lost. Comments which have been published such as ”The
difference between the [τ scaling] expressions and the
standard expressions is only in the corrections to scal-
ing.” [11] or ”[The τ scaling] approach might partly take
into account the scaling corrections...” [12] are incorrect
and follow from a misunderstanding. They refer to the
initial lowest order form of τ scaling [17] where correc-
tions to scaling were explicitly left out of the analysis.
Full expressions including the Wegner correction terms
have been used in the analysis of ferromagnets [22–24]
and are used here for ISGs. It is helpful to note that
because of exact infinite temperature closure conditions
on χ(τ), ξ(τ)/β, γ(τ) and ν(τ) from HTSE, a potentially
infinite set of high temperature corrections can generally
be grouped together into a single effective correction.
PRIVMAN-FISHER SCALING
The Privman-Fisher FSS ansatz Eq. (24) was originally
presented [18] in terms of scaling near criticality, with t as
the scaling variable. With the τ scaling expressions the
ansatz can be applied successfully over the entire para-
magnetic temperature range (see Ref. [23] for a ferro-
magnet case). Once estimated values for βc, γ, ν, θ, aχ, aξ
(and possible higher order correction terms if necessary)
have been obtained by fits to the ThL regime and ex-
trapolations to criticality, one has explicit expressions for
χ(τ,∞) and ξ(τ,∞) for the entire paramagnetic regime.
Privman-Fisher ansatz [18] scaling plots then can be
made for all L and all the paramagnetic regime :
χ(τ, L)
χ(τ,∞) = Fχ[L/ξ(τ,∞)] +
a(ω,χ)
Lω
Gχ[L/ξ(τ,∞)] (24)
and
ξ(τ, L)
ξ(τ,∞) = Fξ[L/ξ(τ,∞)] +
a(ω,ξ)
Lω
Gξ[L/ξ(τ,∞)] (25)
Scaling, with ω = θ/ν, should be ”perfect” for all L and
over the whole paramagnetic temperature range includ-
ing the critical FSS regime if the critical parameter es-
timates have been chosen correctly. This overall scaling
can be considered to provide an ultimate validation of
the coherence of ThL and FSS fits.
In the case of the Privman-Fisher procedure with τ
scaling applied to the cubic Ising ferromagnet susceptibil-
ity [23], a simple explicit form for the principal Privman-
Fisher scaling function was proposed as a further ansatz:
Fχ(x) =
(
1− exp(−bx(2−η)/a)
)a
(26)
where x = L/ξ(β,∞), and a and b are fit parameters.
This extremely compact form automatically fulfils the
limit conditions for large and small x. If this ansatz turns
out to be generally applicable, the parameters a and b as
well as η should be characteristics of a universality class.
For the ξ(β, L) scaling plot the fit ansatz becomes even
simpler :
Fξ(x) =
(
1− exp(−bx1/a)
)a
(27)
with different a and b parameters. The same approach
will be applied below to the ISGs in dimension four.
THE GAUSSIAN ISG IN DIMENSION 4
We will now address the question of specific ISGs in
dimension four, starting with the Gaussian interaction
distribution. Simulation measurements up to L = 10
were published on the 4d Gaussian ISG, together with
a 4d bimodal ISG with diluted interactions (65% of the
interactions being set to J = 0) [14]. The critical temper-
ature for the 4d Gaussian ISG was estimated from Binder
parameter and correlation length ratio measurements to
be Tc = 1.805(10) so βc = 0.554(3), in agreement with
earlier simulation estimates 0.555(3) [38, 39] and consis-
tent with a high temperature series expansion (HTSE)
estimate β2c = 0.314(4), i.e. βc = 0.560(4) [32]. The sim-
ulation analyses [14] led to essentially identical exponents
for the two systems : ν = 1.02(2) and η = −0.275(25)
and so through scaling rules γ = 2.32(8) [14]. The HTSE
critical exponent estimates were γ = 2.3(1) and θ ∼ 1.35
[32]. The two systems of Ref. [14] happen to show small
(for the Gaussian) and almost negligible (for the diluted
bimodal) corrections to scaling for the Binder parameter,
rendering the βc estimates particularly reliable.
We have repeated the Gaussian measurements of the
Binder parameter g(β, L) and the correlation length ra-
tio ξ(β, L)/L, and have also measured the dimensionless
parameters Wq(β, L), Eq. (4), and h(β, L), Eq. (5), in
the critical region. Plots of Wq(β, L) for chosen fixed β
as functions of L−ω for a fixed ω are shown in Fig. 2,
together with fits as described above, Eq. (6). Due to
7the weakness of the corrections to scaling for Gaussian
interactions (A in Table I) choosing ω to be 1.5, 2.0 or 2.5
made little difference to the output optimal fit parame-
ters. The figures for the other dimensionless parameters
are similar and are not presented explicitly for space con-
siderations. The overall fit parameters including uncer-
tainties due to ω are given in Table I.
TABLE I: Values of the 4d Gaussian ISG FSS analysis fit
parameters with standard errors. Dimensionless parameters
g(β,L), Wq(β, L), h(β, L) and [ξ/L](β, L).
g(βc,∞) 0.484 0.003
A(g) 0.09 0.04
B(g) 0.6028 0.016
βc(g) 0.5571 0.0004
ν(g) 1.024 0.013
Wq(βc,∞) 0.248 0.003
A(Wq) 0.13 0.03
B(Wq) 0.471 0.009
βc(Wq) 0.5565 0.0005
ν(Wq) 1.029 0.009
h(βc,∞) 0.394 0.004
A(h) 0.11 0.04
B(h) 0.578 0.013
βc(h) 0.5570 0.0004
ν(h) 1.029 0.015
[ξ/L](βc,∞) 0.451 0.006
A(ξ/L) 0.3 0.1
B(ξ/L) 0.447 0.009
βc(ξ/L) 0.5565 0.0010
ν(ξ/L) 1.03 0.01
We thus obtain consistent estimates, Table I, βc =
0.557(1), ν = 1.029(5) (taking the average values) to-
gether with the infinite size limit dimensionless criti-
cal parameter values g(βc,∞) = 0.484(3), Wq(βc,∞) =
0.2418(3), h(βc,∞) = 0.394(4) and [ξ/L](βc,∞) =
0.451(6). The estimates from the Binder cumulant are
in agreement with those of Ref. [14] where g(βc,∞) =
0.470(5) (no value for [ξ/L](βc,∞) was cited explicitly
and Wq(β, L), h(β, L) were not measured). The present
βc value is rather more accurate mainly because of a
more closely spaced temperature grid and better statis-
tics to higher L. The FSS scaling rule at criticality is
χ(βc, L) ∝ L2−η. Using the present βc estimate a FSS
log-log plot of χ(βc, L)/L
2 against L gives a straight line
of slope −η = 0.307(10), consistent with the estimate
−η = 0.275(25) of [14]. From the scaling rule γ = (2−η)ν
we obtain a FSS estimate γ = 2.35(1).
Thermodynamic derivative peak data are shown in
the form of peak location βmax(L) against inverse
peak height 1/Dmax(L) for the derivatives ∂g(β, L)∂β,
∂Wq(β, L)/∂β, and ∂h(β, L)∂β, Fig. 3. The linear ex-
trapolations to 1/Dmax(L) = 0 lead consistently to βc =
0.557, in full agreement with the FSS estimate. Log-
log plots of Dmax(L) against L have limiting slopes of
0.99(1), so from the scaling rule Eq. (7) ν = 1/0.99(1) =
1.01(1) again consistent with the FSS estimate. This ν
estimate is independent of the estimate for βc.
The temperature dependent effective exponents γ(τ, L)
and ν(τ, L), Eqs. (10), (18) assuming βc = 0.557 are
shown in Figs. 4 and 5. The ThL regime can be recog-
nized by the condition γ(τ, L) or ν(τ, L) becoming inde-
pendent of L, or from the figure of merit Eq. (22). The
ThL regime correlation length exponent ν(τ) has only a
weak temperature variation. The overall fit to the ν(τ, L)
data in Fig. 5 gives a ThL temperature dependent expo-
nent
ν(τ) = 1.032− 0.041 · 1.6 τ
1.6 + 0.017 · 3 τ3
1 + 0.041 τ1.6 + 0.017 τ3
(28)
or
ξ(β,∞) = 0.95βτ−1.032 (1 + 0.041 τ1.6 + 0.017 τ3) (29)
so with ν = 1.032(5), θ ∼ 1.6, aξ = 0.041(5) and a weak
higher order contribution. The correction exponent esti-
mate θ ∼ 1.6 is compatible with the HTSE value θ ∼ 1.35
[32].
The γ(τ) curve evaluated directly from the HTSE se-
ries [32] is exact at high and moderate temperatures,
once βc is estimated, and is fully consistent with the ThL
γ(τ, L) simulation data in the appropriate τ range, Fig. 4
(Fig. 1 and Fig. 4 are alternative presentations of the
same derivative data). The simulation and HTSE data
taken together show that for the leading confluent cor-
rection term τ(θ) the prefactor is small, and that there
is a weak high order effective correction term, so
γ(τ) = 2.44− 0.06 · 1.6 τ
1.6 − 0.017 · 8 τ8
1 + 0.06 τ1.6 − 0.017 τ8 (30)
i.e.
χ(β,∞) = 0.96 τ−2.44 (1 + 0.06 τ1.6 − 0.017 τ8) (31)
Hence γ = 2.44(2), θeff ∼ 1.6 and aχ = 0.06(1). From
the extrapolated derivative ∂ lnχ(β, L)/∂ ln(ξ(β, L)/β),
Fig. 6, η = −0.36(4). This estimate is independent of
the estimate for βc.
These critical exponents : ν = 1.032(5), γ = 2.43(2),
η = −0.36(4) estimated from the ThL data are thus in
full agreement with the FSS estimates above, and with
the slightly less precise FSS estimations of Ref. [14] :
ν = 1.02(2), γ = 2.32(8), η = −0.275(25). The observed
exponents γ = 2.43(2) and θ ∼ 1.6 are also consistent
with the HTSE estimates γ = 2.3(1) and θ ∼ 1.35 [32].
There is thus excellent overall consistency. The critical
temperature and exponent values are particularly reliable
in this model because of the accidental weakness of the
correction to scaling terms.
With the ThL χ(β,∞) and ξ(β,∞) expressions in
hand we make up the Privman-Fisher susceptibility plot
χ(β, L)/χ(β,∞) = Fχ[L/ξ(β,∞)], Fig. 7. The whole
data set for the entire paramagnetic temperature region
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FIG. 1: (Color online) The 4d Gaussian derivatives
∂β2/∂ lnχ(β, L) as a function of β2. Throughout the paper,
the symbol code for sizes is : L = 14 purple pentagons, L = 13
wine stars, L = 12 navy squares, L = 11 yellow hexagons, L10
pink circles,L = 9 orange balls, L = 8 black triangles, L = 7
olive inverted triangles, L = 6 red diamonds, L = 5 green left
triangles, L = 4 blue right triangles. (For display purposes
not all sizes are shown in each Figure). Blue curve : ThL
regime data fit. Large squares : minima locations for each L,
straight line : extrapolation to β2c .
and all L (so covering the FSS regime, the ThL regime,
and the intermediate regime) shows an excellent scaling,
which can be fitted by the ansatz Eq. (26) using the fit
parameters η = −0.36(3), a = 1.89(2), b = 0.43(2). The
Privman-Fisher correlation length plot can be fitted with
parameters a = 0.80(2) and b = 0.35(2) in Eq. (27).
There is a small finite size scaling correction which we
have not attempted to analyse.
We have no data for the diluted bimodal ISG of
Ref. [14] but in view of the fact that the FSS data in
that model displayed the figures show even weaker cor-
rections to scaling than for the Gaussian, the exponent
and dimensionless parameter estimates ν = 1.025(15),
γ = 2.33(6), η = −0.275(25), g(βc) = 0.472(2) are cer-
tainly very reliable also.
THE LAPLACIAN INTERACTION ISG IN
DIMENSION 4
Simulation data were obtained for the Laplacian inter-
action ISG, P (J) ∝ exp(−|J |), in dimension 4 with the
same method and analyses as for the Gaussian, and with
213 samples for each size L up to L = 12. The FSS of the
Wq(β, L) data, Fig. 9, showed negligible corrections to
scaling, and the other dimensionless parameters showed
only very weak corrections. In consequence βc, ν, and
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FIG. 2: (Color online) The 4d Gaussian Wq finite size scaling.
Data and fit curves : upper β = 0.5665, centre β = 0.5565,
lower β = 0.5465. Fit value ω = 2. See text and Table I.
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FIG. 3: (Color online) The 4d Gaussian thermodynamic
derivative peaks; peak location βmax(L) as function of inverse
peak heights 1/D(L) where D(L) = max ∂U(β, L)/∂β. Ob-
servables U : red circles Wq, blue triangles h, black squares g,
green inverted triangles lnχ, olive diamonds ln |q|. Straight
line fits indicate extrapolations to βc (see text).
the critical values of the dimensionless parameters could
be estimated rather precisely, Table II. The thermody-
namic peak location data, Fig. 10, extrapolate to a βc
estimate which is consistent with the FSS estimate. The
susceptibility and correlation length ThL measurements
give estimates of the critical exponents γ and ν which are
also in full agreement with the FSS and pseudo-critical
peak data, see Fig. 11 and Fig. 12. They also show weak
correction term factors.
The overall conclusions from the analyses for the
Laplacian are : βc = 0.6221(5), with critical exponents
ν = 1.026(5), γ = 2.385(10), η = −0.32(4) and criti-
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FIG. 4: (Color online) The 4d Gaussian temperature depen-
dent effective exponent γ(τ ) = ∂χ(β, L)/∂τ for βc = 0.557.
Symbol code as in Fig. 1. Blue curve : HTSE data points.
Green curve : ThL regime data fit.
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FIG. 5: (Color online) The 4d Gaussian effective ν(τ ) =
∂(ξ(β, L)/β)/∂τ for βc = 0.557. Symbol code as in Fig. 1.
Blue curve : ThL regime data fit.
cal values for the dimensionless parameters g(βc,∞) =
0.4747(6), Wq(βc,∞) = 0.2385(4), h(βc,∞) = 0.385(1),
and [ξ/L](βc,∞) = 0.446(1). For all the parameters the
correction exponent θ or ω values are large, we have used
ω = 3 ± 1 for the fits and error estimates. As these are
effective exponents the values are not the same for all
the parameters. The overall fit to the χ(τ, L) data with
the leading correction term is χ(τ,∞) = 1.14τ−2.385(1−
0.12τ5). The overall fit to the ξ(τ, L) data with a leading
and a high order correction term is
ξ(τ,∞) = 0.90 β τ−1.02(1 + 0.1 τ1.7 + 0.007 τ10) (32)
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FIG. 6: (Color online) The 4d Gaussian effective exponent
2 − η(β) = ∂ lnχ(β, L)/∂ ln(ξ(β, L)/β) against β/ξ(β, L).
Symbol code as in Fig. 1. Green envelope curve : ThL regime
data fit and extrapolation.
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FIG. 7: (Color online) The 4d Gaussian Privman-Fisher χ
FSS plot, χ(τ, L)/χ(τ,∞) against L/ξ(τ,∞) where χ(τ,∞)
and ξ(τ,∞) are fit and extrapolation values from the γ(τ )
and ν(τ ) analyses. Symbol code as in Fig. 1. Curve : fit (see
text)
The Privman-Fisher FSS fit Eq. (26), Fig. 14, is
χ(τ, L)
χ(τ,∞) =
(
1− exp
[
−0.38
(
L
ξ(τ,∞)
) 2.3
1.75
])1.75
(33)
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TABLE II: Values of the 4d Laplacian ISG FSS analysis fit
parameters with standard errors. Dimensionless parameters
g(β,L), Wq(β, L), h(β, L) and [ξ/L](β, L).
g(βc,∞) 0.4747 0.0006
A(g) −0.006 0.02
B(g) 0.51 0.02
βc(g) 0.6226 0.0001
ν(g) 1.02 0.01
Wq(βc,∞) 0.2385 0.0004
A(Wq) −0.15 0.01
B(Wq) 0.39 0.01
βc(Wq) 0.6215 0.0010
ν(Wq) 1.02 0.01
h(βc,∞) 0.385 0.001
A(h) 0.060 0.015
B(h) 0.48 0.01
βc(h) 0.6223 0.0004
ν(h) 1.026 0.010
[ξ/L](βc,∞) 0.446 0.001
A(ξ/L) 0.65 0.10
B(ξ/L) 0.38 0.01
βc(ξ/L) 0.6220 0.0003
ν(ξ/L) 1.03 0.01
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FIG. 8: (Color online) The 4d Laplacian derivatives
∂β2/∂ lnχ(β, L) as a function of β2. Throughout the pa-
per, the symbol code for sizes is as in Fig. 1. Blue curve :
ThL regime data fit. Green curve: ThL regime envelope fit.
Large squares : minima locations for each L. Straight line :
extrapolation to β2c .
THE BIMODAL ISG IN DIMENSION 4
For the 4d bimodal ISG, from early simulation mea-
surements up to L = 10 a critical temperature βc =
0.493(7) (i.e. β2c = 0.243(7)) was estimated [41] using
the Binder parameter crossing point criterion. However,
finite size corrections to scaling were not allowed for. The
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FIG. 9: (Color online) The 4d LaplacianWq finite size scaling.
Data and fit curves : upper β = 0.6315, centre β = 0.6215,
lower β = 0.6115. Fit value ω = 3. See text and Table II.
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FIG. 10: (Color online) The 4d Laplacian thermodynamic
derivative peaks; peak location βmax(L) as function of inverse
peak heights 1/Dmax(L) where Dmax(L) = max ∂U(β, L)/∂β.
Observables U : red circles Wq, blue triangles h, black squares
g, Straight line fits indicate extrapolations to βc (see text).
exponent estimates were ν = 1.0(1) and η = −0.30(5).
Extensive domain wall free energy measurements to L =
10 gave an estimate βc = 0.50(1) (i.e. β
2
c = 0.25(1))
[42]. Inspection of the raw data [43] shows strong fi-
nite size corrections; extrapolation to larger L leads to
an infinite size limit βc definitely greater than 0.50. The
HTSE critical temperature and exponent estimates are
[32] β2c = 0.26(2) (i.e. βc = 0.51(2)), γ = 2.5(3) and a
leading confluent correction exponent θ ∼ 1.5.
From bimodal 4d simulations with impressive numbers
of samples up to L = 16 and to a maximum inverse tem-
perature β = 0.5025, Ban˜os et al. [20] give estimates
ω = 1.04(10), ν = 1.068(7) (so θ = ων = 1.11(12)),
η = −0.320(13) (so γ = (2 − η)ν = 2.48(3)) and
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FIG. 11: (Color online) The 4d Laplacian temperature depen-
dent effective exponent γ(τ ) = ∂χ(β, L)/∂τ for βc = 0.662.
Symbol code as in Fig. 1. Green curve : ThL regime envelope
fit.
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FIG. 12: (Color online) The 4d Laplacian effective exponent
ν(τ ) = ∂(ξ(β, L)/β)/∂τ with βc = 0.662. Symbol code as in
Fig. 1. Green curve : ThL regime data fit.
βc = 0.5023(6), all from a FSS analysis with t as scaling
variable. We can note that the inverse temperatures for
the (U4(β, L), U4(β, 2L)) and ([ξ/L](β, L), [ξ/L](β, 2L))
crossing points should scale linearly with 1/Lω+1/ν, Eq.
30 of [20]. However, it can be seen that in the crossing
point plot, Fig. 9 of Ref. [20], with the authors’ preferred
values of ω and ν the scaling against 1/Lω+1/ν is far
from being linear. Ban˜os et al. obtain fits by discard-
ing the lower L points or by introducing strong higher
order terms. An alternative explanation could be that
despite the precautions taken complete equilibration has
not quite been achieved for the largest β measurements
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FIG. 13: (Color online) The 4d Laplacian effective expo-
nent 2−η(β) = ∂ lnχ(β, L)/∂ ln(ξ(β, L)/β) against β/ξ(β, L).
Symbol code as in Fig. 1. Green envelope curve : ThL regime
data fit and extrapolation.
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FIG. 14: (Color online) The 4d Laplacian Privman-Fisher χ
FSS plot, χ(τ, L)/χ(τ,∞) against L/ξ(τ,∞) where χ(τ,∞)
and ξ(τ,∞) are fit and extrapolation values from the γ(τ )
and ν(τ ) analyses. Symbol code as in Fig. 1. Curve : fit (see
text)
at the largest size L = 16 (where equilibration is the most
difficult), so the L = 16 to L = 8 crossing points could be
dropped. In this case the remaining data points appear
more consistent and indicate a rather larger critical in-
verse temperature βc and a rather larger ω+1/ν. Our in-
dependent data reported below are compatible with these
modified values.
We have made measurements in the critical region of
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the standard finite size Binder cumulant g(β, L), the di-
mensionless parameters Wq(β, L) and h(β, L), and the
normalized correlation length [ξ/L](β, L). The present
data are for all L from 3 to 14 and span the estimated
inverse critical temperature βc. From fits to the g(β, L),
Wq(β, L), and h(β, L) we obtain FSS estimates for the
critical temperature βc and the exponent ν together with
the dimensionless critical values g(βc,∞), Wq(βc,∞),
see Fig. 16, and h(βc,∞). The correlation length ratio
[ξ/L](β, L) has much larger corrections to scaling than
the other observables, so the data for this parameter
was not readily exploitable. As explained above rather
than following the traditional crossing point analysis, the
raw dimensionless parameter data are fitted directly to
Eq. (6) at fixed temperatures in the critical region. Con-
sistent independent fits could be made to the g(β, L),
Wq(β, L) and h(β, L) results for the data from L = 4 to
L = 14. (To minimize higher order corrections we have
eliminated L = 3 from the fitting process). Fits were
made fixing the correction exponent at three alternative
values, ω = 1.0, 1.3 and 1.6. The fit values with error
bars which include the effect of the assumed uncertainty
in ω are given in Table III.
TABLE III: Values of the 4d bimodal ISG FSS analysis fit
parameters with standard errors. Dimensionless parameters
g(β,L), Wq(β, L), h(β, L) and [ξ/L](β, L).
g(βc,∞) 0.5258 0.0055
A(g) −0.2089 0.026
B(g) 0.7485 0.037
βc(g) 0.5058 0.0007
ν(g) 1.08 0.03
Wq(βc,∞) 0.2789 0.0031
A(Wq) −0.1820 0.015
B(Wq) 0.5883 0.021
βc(Wq) 0.5045 0.0005
ν(Wq) 1.07 0.02
h(βc,∞) 0.435 0.010
A(h) −0.215 0.025
B(h) 0.7199 0.023
βc(h) 0.5056 0.0006
ν(h) 1.09 0.02
[ξ/L](βc,∞) 0.4780 0.0028
A(ξ/L) −0.2925 0.014
B(ξ/L) 0.5111 0.019
βc(ξ/L) 0.5036 0.0005
ν(ξ/L) 1.02 0.02
Estimates for the important critical values of the di-
mensionless parameters for 4d bimodal ISG are not
quoted explicitly in Ref. [20], but a limit U4(βc) < 2.00
i.e. g(βc,∞) > 0.50 can be read off the appropriate
figure. From the present bimodal analysis, g(βc,∞) =
0.526(6) (or U4(βc,∞) = 1.948(12)), Wq(βc,∞) =
0.279(3) and h(βc,∞) = 0.435(10).
Thermodynamic derivative peak data are shown in
Fig. 17. The straight line extrapolations of peak
locations βmax(L) against the inverse peak strengths
1/max[∂U(β, L)/∂β] for observables U(β, L) show con-
sistently βmax(L) values tending to a βc = 0.5050(5) in
the infinite L limit. Log-log plots of max[∂U(β, L)/∂β]
versus L tend to straight lines with limiting slopes 1/ν
corresponding to ν = 1.12(2). It should be again under-
lined that these estimates for ν are independent of the
βc estimates.
We show in Fig. 18 and Fig. 19 γ(τ, L) and ν(τ, L)
plots for 4d binomial ISG using as the inverse critical
temperature βc = 0.505 as estimated from the FSS and
thermodynamic peak analyses. Satisfactory fits can be
obtained with ν = 1.14(2), θ ∼ 1.8, and γ = 2.76(3) with
prefactors aξ = 0.10, aχ = 0.69 and a weak high order
correction term for γ(τ), y ∼ 8, bχ ∼ −0.01. There is
consistency between the FSS exponent estimates and the
ThL estimates.
In Ref [20], the FSS estimate of the bimodal ISG crit-
ical temperature is βc = 0.5023(6). Fixing βc at this
value, a ThL γ(τ) fit leads to an estimate γ = 2.60(3),
still considerably above the Gaussian value. However, the
fit requires a correction exponent θ ∼ 2.0, corresponding
to ω ∼ 1.8, which is considerably higher than the Ref. [20]
FSS value ω = 1.04(10).
Finally Privman-Fisher ansatz plots can be made up
for all the data. Assuming βc = 0.505 and the fit param-
eters from the γ(τ, L) and ν(τ, L) plots, the Privman-
Fisher scaling is shown in Fig. 21. It can be seen that
the χ scaling is excellent on the scale of the figure over the
entire range of paramagnetic temperatures and of sizes.
The scaling curve can be fitted accurately by the explicit
form used to fit the simple cubic Ising ferromagnet data,
Eq. (26) with η = −0.40, a = 1.95, and b = 0.43 for the
χ scaling plot. For the ξ scaling plot a good large L fit
is obtained using the ansatz Eq. (27) with a = 0.74, and
b = 0.35 with indications of finite size corrections which
we have not attempted to analyse. It can be noted that
both for χ and ξ the values of the fit parameters (which
should be characteristic of a universality class) obtained
for the bimodal, Gaussian and Laplacian ISGs are not
quite identical.
The present critical exponents γ for both the bimodal
and Gaussian ISGs are consistent with, but are more ac-
curate than, the HTSE estimates, principally because the
uncertainty in β2c is considerably reduced thanks to the
FSS and thermodynamic analyses of the simulation data.
The 4d bimodal γ and ν exponent estimates can be com-
pared to the values found above for the 4d Gaussian,
and with the published estimates Gaussian and diluted
bimodal systems [14]. The critical exponents of the 4d
bimodal ISG are well above those of the 4d Gaussian and
diluted bimodal ISGs.
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FIG. 15: (Color online) The 4d bimodal derivatives
∂β2/∂ lnχ(β, L) as a function of β2. Symbol code as in Fig. 1.
Green curve : ThL derivative from the 15 exact term HTSE
series [32]. Blue curve : ThL regime data fit and extrapola-
tion. Open circles : minima locations for each L, straight line
: extrapolation to β2c .
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FIG. 16: (Color online) The 4d bimodalWq finite size scaling.
Data and fit curves : upper β = 0.51032, center β = 0.50532,
lower β = 0.50032. Fit value ω = 1.3. See text and Table III.
COMPARISONS BETWEEN MODELS
The bimodal, Gaussian, Laplacian and diluted bimodal
infinite size limit critical values for the Binder cumulant
can be compared:
• bimodal g(βc,∞) = 0.526(5) (or > 0.500 [20]),
• Gaussian g(βc,∞) = 0.484(3) (or 0.470(5) [14]),
• Laplacian g(βc,∞) = 0.4747(6)
• diluted g(βc,∞) = 0.472(2) [14].
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FIG. 17: (Color online) The 4d bimodal thermodynamic
derivative peaks; peak location βmax(L) as function of inverse
peak heights 1/Dmax(L) where Dmax(L) = max ∂U(β, L)/∂β.
Observables U : red circles Wq, blue triangles h, black squares
g. Straight line fits indicate extrapolations to βc (see text).
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FIG. 18: (Color online) The 4d bimodal temperature depen-
dent effective exponent γ(τ ) = ∂χ(β, L)/∂τ for βc = 0.505.
Symbol code as in Fig. 1. Green curve : HTSE data points.
Blue curve : ThL regime data fit.
The value estimated for the bimodal model is strik-
ingly different from those for the other models. Given
the high precision of the other estimates it would appear
that they are not quite identical to each other either. For
the other dimensionless parameters (measurements have
been made only in the present work)
• bimodal Wq(βc,∞) = 0.279(3)
• Gaussian Wq(βc,∞) = 0.248(3)
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FIG. 19: (Color online) The 4d bimodal effective ν(τ ) =
∂(ξ(β, L)/β)/∂τ for βc = 0.505. Symbol code as in Fig. 1.
Green curve : ThL regime data fit.
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FIG. 20: (Color online) The 4d bimodal effective exponent
2 − η(β) = ∂ lnχ(β, L)/∂ ln(ξ(β, L)/β) against β/ξ(β, L).
Symbol code as in Fig. 1. Dotted envelope curve : ThL regime
data fit and extrapolation.
• Laplacian Wq(βc,∞) = 0.2385(4)
and
• bimodal h(βc,∞) = 0.435(10)
• Gaussian h(βc,∞) = 0.394(4),
• Laplacian h(βc,∞) = 0.385(1).
The distinction between the bimodal value and the
other two values is again very significant. As the crit-
ical limit values of dimensionless parameters are charac-
teristic of a university class, even without knowing the
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FIG. 21: (Color online) The 4d bimodal Privman-Fisher χ
FSS plot, χ(τ, L)/χ(τ,∞) against L/ξ(τ,∞) where χ(τ,∞)
and ξ(τ,∞) are fit and extrapolation values from the γ(τ )
and ν(τ ) analyses. Symbol code as in Fig. 1. Curve : fit (see
text)
critical exponents these model-to-model differences al-
ready clearly demonstrate that the 4d binomial ISG is
not in the same universality class as the other three 4d
ISG models.
The critical exponents from a combination of FSS,
thermodynamic peak, and ThL information (when avail-
able) are
• bimodal γ(βc,∞) = 2.70(4),
• Gaussian γ(βc,∞) = 2.44(4),
• Laplacian γ(βc,∞) = 2.40(2),
• diluted γ(βc,∞) = 2.33(6) [14]
and
• bimodal ν(βc,∞) = 1.13(1),
• Gaussian ν(βc,∞) = 1.030(5),
• Laplacian ν(βc,∞) = 1.020(5)
• diluted ν(βc,∞) = 1.025(15) [14]
The two critical exponents γ and ν for the bimodal in-
teraction model are both much higher than the values for
the Gaussian, Laplacian, and diluted bimodal interaction
models.
CONCLUSIONS
Simulations on the 4d Gaussian, Laplacian and bi-
modal ISGs up to size L = 12 and L = 14 respectively
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are first analysed in the critical temperature range to ob-
tain estimates for the critical inverse temperatures βc,
together with FSS estimates for the critical values for di-
mensionless parameters g(βc,∞), Wq(βc,∞) of Eq. (4)
and h(βc,∞) of Eq. (5), and for the anomalous and cor-
relation length critical exponents η and ν. The thermal
derivative peak method has been used to obtain comple-
mentary estimates for βc, and independent estimates of
the critical exponent ν which are not dependent on the
βc estimates. The critical temperatures βc are consis-
tent with the FSS estimates and are in full agreement
with, but are more precise than, the estimates from high
temperature scaling expansions alone [32]. They also im-
prove on previous FSS numerical estimates [14, 20].
We spell out in detail the procedure used for scaling
over the whole paramagnetic temperature range with the
appropriate ISG scaling variable, τ = 1 − (β/βc)2, to-
gether with scaling expressions which include the correc-
tion terms, Eqs. (16) and (17).
With the estimates for βc in hand, data for the tem-
perature dependent effective exponents γ(τ) and ν(τ)
in the thermodynamic limit (ThL) regime were fitted
and extrapolated to obtain critical exponent γ, ν and
θ estimates together with the strengths of the correction
terms. There is consistency between the FSS, thermo-
dynamic derivative peak, and ThL estimates for each
model. Overall Privman-Fisher scalings with the esti-
mated critical parameters, covering the whole paramag-
netic temperature range and all sizes L, validate the anal-
ysis.
The critical values of the dimensionless parameters and
the critical exponents are characteristic of a universality
class. For each of the recorded observables the values for
the 4d bimodal ISG are quite different from those of the
4d Gaussian ISG and the 4d Laplacian (or from those
of the 4d diluted bimodal ISGs [14]), showing that these
systems lie in different universality classes. It can be con-
cluded that for ISG transitions in dimension 4 at least,
and probably more generally [36, 37], the critical param-
eters depend on the form of the interaction distribution,
so the standard RGT universality rules do not apply.
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